In the material to follow define [p: a] = {x: p(x) = α}, where p E P n . It follows that α[p: 1] = [p: a n ] for all α ^ 0. Also, use will be made of the fact that for p E P' n or p E P π , then x ^ y (or x > y) implies that p(x)^p(y) (or p(x)>p(y)). Further if x Einti?^ and p^O, then p(jc)>0.
2. Extremal elements of P n . The first theorem of this section gives some of the extremal elements of P n . It is conjectured that this set includes all the extremal elements of P n . The following lemmas will be needed. Proof. It follows readily from the definitions that p Aq is continuous and homogeneous. Also, {p Aq){x + y) = min{p(x + y For all it = 1, ,π 2 , let p^(x) = xl, JC =(JC,, ,v)G E>. Then p^ E P n . With this in mind consider the following: LEMMA 1.2. Lei α = (α, , , (v) 
= ap a (x).
Clearly, if x6£> such that JC, =0 for some i E{1, ,/c}, then 0 = p α (x). This implies /(JC) = O, which in turn implies that /(*) = ap a (x). In either case f(x) = ap a (x). Hence, / = ap a . Likewise, g = βp a . Therefore, p a is an extremal element of P n .
By a somewhat similar proof it can be shown that the function p a is minimal in the set of all elements of P n which agree with p a (a) at a. Also, for a >0 the sets [p a : 1] Recall that S n CP n is the set of finite nonnegative linear combinations of products of n functions of P' n . For a E J5^\{0}, let q a (x) = sup {A: x S λa}. Then, as in the case for P n , q a is an extremal element of P' n . Also, p a (x) = [q a (x)] n , which implies that p a E S n . Since 5 n is a subcone of P n then p a is an extremal element of S n . It is conjectured that {p a : a E £"^{0}} represents all the extremal elements of S n . LEMMA 1.4. If p^O and p(x) = Π"=, A f (x), where A, E:P' n , is an extremal element of S n , then each A { is an extremal element of P' n .
Proof. Suppose there exists a fc = l, ,n such that A k is not extremal in P f n . Then there exists /, g EP r n such that A k = / + g and neither / or g is proportional to A k . Hence,
Since p is extremal in S n , there exists α^O and β ^ 0 such that
Also, it can be shown that each A, (JC)>0, /(x)>0 and g(jc)>0. Therefore,
which implies that αA fc (x) = /(x), for all x GintEt 2 . It follows from continuity that aA k (x) = f (x) for all jtGEJ*. This is a contradiction. Therefore, A fc is an extremal element of P' n for each k.
In any convex cone, if the sum of two nonzero elements is an extremal element, then the two elements are proportional. Hence, the only possible extremal elements of S n are those elements of the form
where /(/) is a nonnegative integer and Σ/(ί) = n. Moreover, Lemma 1.4 implies that the A, must be extremal elements of P' n . The Lemma 1.4 and these comments give conditions that are necessary when p is an extremal element in S n . These conditions are not sufficient as will be seen in Proposition 1.1.
Attention will now be given to considering the extremal elements of This is true if and only if (1.3) It suffices to show that each term on the right hand side of (1.3) is less than or equal to the corresponding term on the left hand side of (1. 
This will be true if and only if (c)
it is sufficient to show that (g) ^ (d) and (h) ^ (e). An argument similar to the one in Case III shows that each term of (g) or (h) is greater than or equal to the corresponding term of (d) + A 2 (x)), then Aι(x) = α(Ai(jc) + A 2 (JC)). Since Λi and A 2 are pairwise nonproportiόnal extremal elements in P' n , this is a contradiction. Therefore, there does not exists α^O such that / = αp. Hence, the decomposition is nonproportional, which implies that p is not an extremal element of P n .
Two questions immediately arise. First, is / e5 n ? Secondly, is every extremal element of P' n of the form q a , where a E £v\{0}? If both answers are affirmative, then every extremal element of S n is of the form p α , where a E JE^\O. It is entirely possible that the functions / do not belong to S n .
The following is an example of a subcone of P n that has as extremal demerits some functions that are not extremal in P n . EXAMPLE 1.1. Let Q n bέ the set of all p: £^-»Eΐ such that where /1 ^ S in, α l Ί ,...,,-" ^ 0 and x = (x u ,x n 0 Thus, Q n is the set of nonnegative superadditive n-fotms. Clearly, Q n is a subcone of Sn CP n . Therefore, the functions /),, ,p n 2 are extremal elements of Q n . However, these are not all of the extremal elements of Q n . In fact without much difficulty it can be shown that the extrefrial elements of Q n are the positive scalar multiples of functions of the form where kj E{1, ,n 2 }, for / = 1, ,n and k\ ^ ^ kn. Now for every x = (x u ,Jc n 0 e Eϊ* define p{x) as (1.4) p(jc) = jcί (1) jc π2 /(n2) ,
where (/) is a nonnegative integer and ΣΓl f /(/) = n. Notice that l(i) > 0 for at most n values of i = 1, , n 2 . Clearly, p G Q n . In fact the preceding example shows that p is an extremal element of Q n . If k is the number of i E {1, n 2 } for which l(i) > 0 and k> 1, Theorem 1.2 says that p is not an extremal element of P n . The following proposition shows that p is not an extremal element of S n . Suppose x ί + x 2 >0 and y, + y 2 >0. In this case it must be shown that which is equivalent to proving that y 2 ) -[(x λ x 2 )(x { + y, + x 2 + y 2 )(y, + y 2 ) s o.
By direct calculation the left hand side of the above inequality is equal to (JCiy 2 -Jc 2 yi) 2 . The computation is tedious but straightforward.
